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Abstract
A space X is Lindelöf-normal or L-normal if every Lindelöf closed subset of X has arbitrarily
small closed neighborhoods. It is proved that if the product X × Y is hereditarily L-normal then
either every Lindelöf closed subset of X is a regular Gδ-set or all countable subsets of Y are
closed. A compact space X such that X3 is hereditarily L-normal is metrizable. By the aid of
MA + ¬CH it is proved that if exp(X) is hereditarily L-normal then X is a metrizable compact
space. A regular space X is called a perfectly L-normal space if the closure of every Lindelöf subset
ofX is functionally closed. Each perfectlyL-normal space is hereditarily L-normal. A product space
X =∏{Xn: n ∈ ω} is perfectly L-normal if and only if all finite subproducts of X are perfectly L-
normal. Every hereditarily L-normal dyadic space is metrizable. Ó 2000 Elsevier Science B.V. All
rights reserved.
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Throughout this paper, all spaces are assumed to be Hausdorff. An ordinal is the set of
smaller ordinals and a cardinal is an initial ordinal. Other terminology and notations not
defined in this paper can be found in [2].
A space X is said to be Lindelöf-normal or L-normal if every Lindelöf closed subset
of X has arbitrarily small closed neighborhoods. Every normal space is L-normal. It is
easy to prove that each regular countably paracompact space is L-normal too. According to
Kateˇtov’s well-known theorem [4] (see also [2, 2.7.15(a)]), if X× Y is hereditarily normal
then eitherX is perfectly normal or all countable subsets of Y are closed. Zenor [11] proved
that if the product X × Y is hereditarily countably paracompact then either X is perfectly
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normal or every countable discrete subspace of Y is closed in Y . There is the next common
extension of these two theorems [8].
Theorem 1 [8]. If the product X × Y is hereditarily δ-normal then either X is perfectly
normal or all countable subsets of Y are closed.
Recall that a space is said to be δ-normal [9] if every regular Gδ-set in it has arbitrarily
small closed neighborhoods. A subset G of a topological space is a regular Gδ if it is the
intersection of the closures of a countable collection of open sets each of which containsG.
Every normal space is δ-normal. In 1970 Mack [9] proved thatX is countably paracompact
if and only if its product with the closed interval is δ-normal, and that each countably
paracompact space is δ-normal. In 1994 Good and Tree [3] proved that every Tychonoff δ-
normal space is pseudonormal. It is easy to see that essentially the same proof gives a more
general result: every Tychonoff δ-normal space is L-normal. Of course, we cannot replace
hereditary δ-normality with hereditary L-normality in Theorem 1, because it is easy to
prove that the product ω1 × (ω+ 1) is hereditarily L-normal, but the closed set LIM of all
limit ordinals is not a Gδ-set in ω1. Nevertheless we see that every Lindelöf closed subset
of ω1 is a Gδ-set and we have the next more general theorem.
Theorem 2. If the product X × Y is hereditarily L-normal then either every Lindelöf
closed subset of X is a regularGδ-set or all countable subsets of Y are closed.
Theorem 2 is an immediate consequence of more general Theorem 3 below.
Let U be a class of topological spaces. We say that a space X is U -normal if every
closed subset of X belonging to U has arbitrarily small closed neighborhoods. Obviously,
U -normal spaces are V-normal provided that V ⊆ U , and normal spaces coincide with
T OP-normal spaces, where T OP is the class of all topological spaces. Let Q be another
class of topological spaces. We say that a class U isQ-stable if for everyX ∈ U and Y ∈Q
we have X× Y ∈ U . For example, if L is the class of all Lindelöf spaces and C is the class
of all countable spaces then the class L is C-stable. Also recall that a set is a regularGm-set
provided that it is the intersection of at most m closed sets whose interiors contain this set.
The next theorem is a generalization of Theorem 1 from [6].
Theorem 3. If the product X × Y is hereditarily U -normal and the class U is Q-stable
then either every closed subset of X from U is a regular Gm-set for
m=min{|M|: M ∈Q, M ⊂ Y, M 6=M}
or all subsets of Y belonging to Q are closed.
Proof. Let Y ⊃ M 6= M , M ∈ Q, |M| = m, and let y ∈ M \ M . Let us denote M0 =
{y} ∪ M . Let F ∈ Q be a closed subset of X. Then F × M is a closed subset of
Z = ((X \ F)× {y})∪ (X ×M). The space Z is U -normal, and F ×M ∈ U , because the
class U is Q-stable and M ∈Q. Let U =X ×M . Then U is open in Z and F ×M ⊆ U .
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Hence there exists an open (in Z) set V such that F ×M ⊆ V ⊆ V ⊆ U . For every point
m ∈M define
V (m)= {x ∈X: (x,m) ∈ V }.
Obviously,F ⊆ V (m) for allm ∈M . Let x ∈X\F . Then (x, y) /∈ V . Hence there existOx
(open in X) and Oy (open in M0) such that x ∈Ox and y ∈Oy , and (Ox ×Oy)∩ V = ∅.
Let us choose m ∈Oy , m 6= y . It is clear that Ox ∩ V (m)= ∅, so x /∈⋂{V (m): m ∈M}.
Then F =⋂{V (m): m ∈M} is a regular Gm-set. Theorem 3 is proved. 2
As a consequence of Theorem 3 (in the case where U = T OP and Q is the class of
all topological spaces with cardinality 6m) we have Kateˇtov’s theorem [4]: if the product
X × Y is hereditarily normal then either the pseudocharacter of every closed subset in X
is 6m or all subsets of Y with cardinality 6m are closed. As another consequence (in the
case U =Q= C) we have the next generalization of Theorem 1 from [5].
Theorem 4. If the productX×Y is hereditarily pseudonormal then either every countable
closed subset of X is a regularGδ-set or all countable subsets of Y are closed.
As a consequence of Theorem 2 we also have
Theorem 5. A compact space X such that X3 is hereditarily L-normal is metrizable.
The following theorem from [8] is a consequence of Theorem 1 and of Corollary 2.A
from [1]. This theorem is a common generalization of the well-known theorems of
Kateˇtov [4] and Zenor [11].
Theorem 6 [8]. A countably compact space X such that X3 is hereditarily δ-normal is
metrizable.
We note here that Theorem 5 cannot be extended over countably compact spaces,
because it is easy to prove that ω31 is hereditarily L-normal.
Tall noticed [10] that, under Martin’s axiom plus the negation of the continuum
hypothesis, if X is a countably compact space such that X2 is hereditarily normal then
X is compact, because such a space X is perfectly normal and every countably compact
perfect regular space is compact under MA+¬CH [10]. Of course, by the aid of Theorem 1
we have
Theorem 7. (MA+¬CH) If X is a countably compact space such that X2 is hereditarily
δ-normal then X is compact.
We also see that Theorem 7 cannot be extended over hereditarily L-normalX2, because
ω21 is hereditarily L-normal, but ω1 is not compact.
Recall that a space X is said to be pseudonormal if X is C-normal, where C is the class
of all countable spaces. We see that every L-normal space is pseudonormal.
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The next problems are open.
Problem.
(1) Is a compact space X metrizable provided that X3 is hereditarily pseudonormal?
(2) Is there a “real” (i.e., without special axioms) example of a compact non-metrizable
space X so that X2 is hereditarily pseudonormal?
Now let us consider exp(X). The space exp(X) is the set of all nonempty closed subsets
of X with the Vietoris topology (see [2, 2.7.20]).
Theorem 8 [8]. If exp(X) is hereditarily δ-normal then X is a metrizable compact space.
By the aid of Martin’s axiom plus the negation of the continuum hypothesis we can
prove
Theorem 9. (MA + ¬CH) If exp(X) is hereditarily L-normal then X is a metrizable
compact space.
Proof. Let us first observe that X is a countably compact perfectly normal space. Indeed,
the space exp(X) is L-normal, so exp(X) is regular. Every hereditarily L-normal space is
hereditarily pseudonormal, and every hereditarily pseudonormal space is point-E in the
sense of [7]. If exp(X) is a regular point-E space then X is an hereditarily separable
perfectly normal countably compact space [7]. But under MA + ¬CH every perfectly
normal countably compact space is compact [10]. So it remains to prove the metrizability
of X. Let U ⊂ X be an open set with a non-isolated point x . The space X is regular,
so there exists an open set V such that x ∈ V ⊆ V ⊆ U . Then exp(X \ U) × exp(V )
is a closed subset of exp(X). It is obvious that exp(V ) contains a nonclosed countable
subset. The space X \U is compact, so exp(X \U) is compact too [2, 3.12.26]. Applying
Theorem 2, we conclude that the compact space exp(X \U) is perfectly normal for every
open neighborhood U of every non-isolated point. This means that X \ U is metrizable
[2, 4.2.B] for every open neighborhood U of every non-isolated point. If X contains two
different non-isolated points thenX is the sum of two metrizable compact spaces. HenceX
is metrizable [2, 3.1.20]. IfX contains only one non-isolated point x thenX is the one-point
compactification of the discrete space X \ {x}. It is easy to see that X× (ω+ 1)⊂ exp(X)
in that case. Applying Theorem 2 again, we see that the compact space X is perfectly
normal and x is a Gδ-point, which implies that X is a compact countable space. So X is
metrizable. Theorem 9 is proved. 2
Problem. Can one prove Theorem 9 without additional set-theoretic axioms?
According to the Vedenissoff theorem [2, 1.5.19], the space X is perfectly normal if
and only if all closed subsets of X are functionally closed. Let Q be a class of topological
spaces. We say that a regular space X is perfectly Q-normal if the closure A of every
A ∈Q, A⊂ X, is functionally closed. Of course, perfect T OP-normality coincides with
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perfect normality. It is well-known that perfect normality is an hereditary property [2,
2.1.6].
Proposition 10. Perfect Q-normality is an hereditary property.
Proof. Let X be a perfectly Q-normal space and M ⊂ X. Let A ∈ Q, A⊂M . Then the
closure of A in X is the zero-set f−1(0) for some continuous function f defined on the
space X. It is evident that the zero-set of the restriction of f to M is the closure of A
in M . 2
Proposition 11. If Q⊆ L then each perfectly Q-normal space is Q-normal.
Proof. Let F be a closed subset of a perfectly Q-normal space X, and let F ∈ Q. The
set F is functionally closed. Thus F is a regular Gδ-set. Let F =⋂{Gi : i < ω}, where
Gi , i < ω, are open sets such that F ⊂ Gi , i < ω. Let us take an open neighborhood U
of F . ClearlyX\U ⊂⋃{X\Gi : i < ω} and F ∩X \Gi = ∅ for all i < ω. For every x ∈ F
we take an open neighborhoodOx of x such that Ox ⊂U . It follows from F ∈Q⊆ L that
there exists a countable family {Oxi : i < ω} such that F ⊂
⋃{Oxi : i < ω}. To complete
the proof it remains to define in a standard way the open set
V =
⋃{
Oxi
∖ (⋃{
X \Gi : j 6 i
})
: i < ω
}
.
It is not difficult to see that F ⊂ V ⊂ V ⊂U . 2
We now combine two last propositions and obtain
Proposition 12. If Q⊆ L then each perfectly Q-normal space is hereditarilyQ-normal.
In particular, each perfectly L-normal space is hereditarily L-normal, and each perfectly
pseudonormal space is hereditarily pseudonormal.
According to another Kateˇtov’s theorem [4] a product space
X =
∏
{Xn: n < ω}
is perfectly normal if and only if all finite subproducts of X are perfectly normal. We
shall say that a class M of topological spaces is invariant under projections if for every
Z ⊂ X = ∏{Xn: n < ω} such that Z ∈M we have pn(Z) ∈M for each projection
pn :X→∏{Xi : i 6 n}. Now we have the next extension of Kateˇtov’s theorem.
Theorem 13. If a class M is invariant under projections then a product space X =∏{Xn: n < ω} is perfectlyM-normal if and only if all finite subproducts ofX are perfectly
M-normal.
Proof. Clearly, if X is perfectlyM-normal then all finite subproducts of X are perfectly
M-normal. Suppose that all finite subproducts of X are perfectlyM-normal. It is obvious
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that X is regular. Let A ∈M and F = A ⊂ X. For every n < ω let Fn = pn(A) =
pn(A). Since Xn =∏{Xi : i 6 n} is perfectly M-normal and pn(A) ∈M, there exists
a continuous function fn :X → [0,1] such that f−1n (0) = p−1n (Fn). Let us define a
continuous function f :X→ R by f (x) =∑∞n=1 2−nfn(x). It is sufficient to show that
f−1(0) = F . Clearly, f (x) = 0 for every x ∈ F . Conversely, if x /∈ F then there exists
an n and an open subset U of Xn such that x ∈ p−1n (U) and p−1n (U) ∩ F = ∅. Therefore
U ∩ pn(F )= ∅, x /∈ p−1n (Fn) and fn(x) > 0. Consequently, f (x) > 0, which completes
the proof of the theorem. 2
As an immediate consequence we have
Theorem 14. A product space X =∏{Xn: n < ω} is perfectly L-normal if and only if all
finite subproducts of X are perfectly normal.
Of course, there are no uncountable products of spaces having at least two points that are
perfectly L-normal, and what is more, we have the next generalization of Proposition 15
from [8], where it is proved that every hereditarily δ-normal dyadic space is metrizable.
This is a generalization of Efimov’s theorem [2, 3.12.12(k)] stating that every hereditarily
normal dyadic space is metrizable.
Proposition 15. Every hereditarily L-normal dyadic space is metrizable.
Proof. Clearly, every L-normal space is pseudonormal. Pseudonormality implies the
property wE from [7], and every hereditarily wE dyadic space is metrizable [7]. 2
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